Using thwarts, new transversal designs are determined for orders 201, 336, 360, 365, 393, 429, 501, 749, 845, 1080, 1120, 1324, 1400, 1632, 1760, 1824, 1904, and for numerous larger orders. Incomplete transversal designs with block size eight, and PBDs having three consecutive block sizes, are also constructed.
the desarguesian TD is constructed from the nite eld GF(q). Moreover, q + 1 is the largest possible block size for a TD of order q.
When the order is not a prime power, bounds on the block size have great importance in the construction of combinatorial designs (see 1], for example). Many of these bounds arise directly or indirectly from the TD(q + 1; q) arising from the eld; we develop some further bounds of this type in this paper.
In the construction of transversal designs, a main ingredient is a certain type of partial transversal design. An incomplete transversal design of order n and blocksize k with holes of sizes h 1 ; : : : ; h`, or TD(k; n) ? P`i =1 TD(k; h i ), is a quadruple (X; H; G; B). X and G are as before. H = fH 1 ; : : : ; H`g is a set of pairwise disjoint subsets of X, with the property that jH j \ G i j = h j for 1 j `and 1 i k; each H i is a hole. Then B is a set of k-subsets of X as before, with the property that every unordered pair of elements from X is either in a hole or group together, or in exactly one block of B.
Colbourn, Dinitz and Wojtas 7] explore the use of a restricted form of Wilson's theorem 12] . Let x be a nonnegative integer, and let I = fi 1 ; : : : ; i s g with 0 i 1 < i 2 < < i s x. Further suppose that 0 s 1 s 2 s x n. Let (X; G; B) be a TD(k + x; n) with G = fG 1 ; : : : ; G k ; H 1 ; : : : ; H x g. Then an (x; I; s 1 ; s 2 ; : : : ; s x ){ thwart is a set S = S x j=1 S j , where S j H j with jS j j = s j for each 1 j x, such that for every B 2 B, jB \ Sj 2 I. We use the notation (x; I fa ? g; s 1 ; s 2 ; : : : ; s x ){ thwart for a set S in which one block intersects S in a entries, and every other block B satis es jB \ Sj 2 I. N(n) denotes the largest value of k ? 2 for which a TD(k; n) exists, and N ? (n) is the largest value of k ? 2 for which a TD(k; n) having n disjoint blocks exists. If, in addition, a TD(k; s j ) exists for each 1 j x, then a TD(k; mn + P x j=1 s j ) exists.
If we impose the stronger condition that N ? (m + i) k ? 2 for every i 2 I, we obtain the stronger conclusion that a TD(k; mn + Colbourn, Dinitz and Wojtas 7] employ elementary combinatorial methods along with the structure of the TD(q +1; q) from the eld in order to establish the presence of certain thwarts. In particular, they examine the presence of thwarts arising from TD(3; m) in TD(k; mn). We generalize this here to explore the consequences of the presence of TD(`; m), in particular those arising from a generalization of Baer subplanes.
Colbourn, Dinitz and Wojtas also examine (3; f1; 2; 3g; a; b; c){thwarts, and observe that in the TD(p + 1; p) arising from elds of prime order, a simple condition on a + b + c ensures the presence of the thwart. We investigate a similar situation here, but consider thwarts that are subsets of two groups (\levels"), and one block (\spike").
Interesting thwarts also arise from geometric structures in planes such as ovals, hyperovals, and Denniston arcs 6].
Baer con gurations
A (p; ; ){Baer con guration is a set X of p + p + 1 points in a projective plane of order p , with the properties that, restricting the lines of the plane to the points of X, 1 . one point of X, the focus, lies on p ? + 1 lines each of size p + 1; and 2. the remaining points each lie on one line of size p + 1, and on p lines each of size p ? + 1. We adopt the name \Baer" because the special case when = 2 is a Baer subplane.
It is easy to verify that if a projective plane of order p contains a (p; ; ){Baer con guration, then every line of the plane meets the con guration in 1, p ? + 1, or p + 1 points; all lines meet the con guration at least as a tangent. Thus a Baer con guration, if present, forms a special type of blocking set. It is in this context that they have been studied before. By retaining`levels (1 ` p ? ), we obtain (`; f0; 1;`g; p ; : : : ; p ){thwarts. Using p = 17, = 2, = 1, m = 31, and`2 f6; 10; 12; 18g, we obtain N(n) 16 for n 2 f9061; 9129; 9163; 9265g. In one case, we can also truncate one of the levels in the thwart to obtain a (16; f0; 1; 15; 16g; 19; : : :; 19; 13){thwart in a TD(362; 361).
Using m = 16 establishes that N(6074) 12 .
We can also employ fewer levels in the complementary thwart; in each of the applications here, an extra point is added as in Theorem 2.4 (2) . Using the standard GDD construction for MOLS, we obtain N(3901) 48.
Baer con gurations form a natural generalization of Baer subplanes; in that restricted case, one can partition a plane of order q 2 into Baer subplanes of order q. The arithmetic does not in general support such a partition except in the case of subplanes; however, it may be of interest to determine possible intersections of Baer con gurations in the plane.
Two Levels and a Spike
In this section, we establish the presence of a further useful thwart in transversal designs of prime and prime power orders, extending an idea in 8]. We rst give some de nitions.
Let A and B be subsets of Z n . Then de ne A ? n B = fa ? b mod n : a 2 A; b 2 Bg:
Now de ne m(n; a; b) = minfjA ? n Bj : A; B Z n ; jAj = a; jBj = bg:
We use the fact that the multiplicative group of the nite eld of order q (a prime power) is cyclic in order to establish the presence of certain thwarts: Proof: Consider the TD(q+1; q) arising from the nite eld GF(q) (i.e., the transversal design arising from the desarguesian projective plane). This transversal design can be represented as ordered pairs from (GF (q)) (GF (q) ? fR; Cg); with groups GF(q) fxg for x 2 GF(q) ? fR; Cg, and blocks de ned by f(i; R); (j; C)g f(i + j; ) : 2 GF(q) ? g; for i; j 2 GF(q). Evidently Z = f(0; x) : x 2 GF(q) ? fR; Cgg is a block. The presence of the second thwarts is proved similarly, complementing the sets A, B, and A ? q?1 B with respect to GF(q) ? . In this thwart, (0; R) and (0; C) must be present to avoid having a block exterior to the thwart. Moreover, when n is prime, m(n; a; b) = min(n; a + b ? 1).
When n is composite, the situation is somewhat more complex: Theorem 3. 
Concluding Remarks
We have concentrated on using certain thwarts to construct MOLS using Wilson's theorem 12]. Numerous other applications are possible. These thwarts can be used more directly to construct pairwise balanced designs and group divisible designs. In particular, the thwarts arising from two levels and a spike are useful in the construction of group divisible designs with three consecutive block sizes; one application is described in 8].
In closing, it is important to remark that the presence of the thwarts rests on relatively simple structure of the desarguesian plane, inherited naturally from the arithmetic of the eld. It is reasonable to expect that other useful con gurations can be found using more subtle properties of nite elds.
